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Use of double trigonometric series in the solution of plane elasticity problems
by calculus of variation, a comment on an error in Timoshenko and

Goodier's book Theory of Elasticity, 2nd Edition (1951)

I. INTRODUCTION

An error ofcalculation in the book Theory ofElasticity by Timoshenko and Goodier (1951)
has been discovered and corrected by us. Besides this, the convergency of the solution by
double trigonometric series is also discussed in this article.

2. ERROR OF CALCULATION IN TWO EXAMPLES OF PLATE ANALYSlst

The calculus of variation in elasticity is a versatile and effective approximate method
where double trigonometric series plays an important role. Retter convergency can be
obtained by using this method for solving various problems such as the bending of rec­
tangular plates simply supported along four edges, the buckling of the same under axial
loading, the torsion of rods with rectangular cross-sections etc.

However, attention should be paid to distinguishing the orthogonality of the functions
in the interval [0, al in dealing with this double series. The correct value of the following
integration is

f ' '{O, . I1mx III ItX

I) Sill a cos II dx = 2~,!~. _
It(m 2 -m' 2)

which was mistakenly thought to be

if m t m' is an even number

if mtm' is an odd number
( I)

f
u . mnx m' ItX
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(2)

in two examples of plate analysis by the principle of virtual work in the book by Timoshenko
and Goodier (1951).

The tirst example is a rectangular plate with tixed edges and acted upon by body forces
parallel to its plane. The components of displacement have been taken as

. nmx . flny
II = "" A Slll'- Sill _.-LL mn a h

nmx . flit V
l' = "" 8 sin -- Sill -----LL mn a h . (3)

But, unfortunately, the final expressions for determining the coefficients Amn and 8 mn

were erroneously given in the book by Timoshenko and Goodier (1951) as

t These e~amrlt:s have been deleted in the \972 edition, wilhoUl e~planalion.
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and

Eabn~ [n~ m~ ] fa fn mnx nnr
---4--- '/(1_ v~) + 2a~(l + v) Bmn = II II Y sin --a- sin 7: dx dy.

(4)

(5)

The correct results acquired by Xi and Lin (1981) using expressions (I), (3) and Ritz's
method are

E(/hn~[ m~ n~ ] 2Emn m'n'
--... ., +... A",n--- B",n ... ," ., ,"

4 (/-(1-\'-) 2h-(I+v) (I-\')~~ (nr-m -)(n--n-)

fafn . fIlnx . nn r= XSIn---SIn-" dxdy (6)
II II (/ h

i
a in mnx nnr= Y sin sin -' dx dy.

II II (/ h
(7)

The difference between eqns (4), (5) and (6), (7) is quite obvious. The former represents
two independent sets ofequations for Amn and Bmn , n:spectivcly, whereas the latter is coupled
for Amn and B'M' Therefore the results of the calculation arc bound to be different.

3. CONVERGENCY OF TIlE SOLUTION

foOl' the sake of simplicity, only one example given in the book oy Timoshenko and
Goodier (11.)51) is <1I1alyzed here. Assume that the aoove-mentioned plate is square and in
a verti<.:al position (Fig. I). Let X = 0, Y = pg, (/ = h and Poisson's ratio v = O. Substitution
of these values into eqns (6) and (7) leads to

A (m~ + n~) _~l~"" _.__n~!!~___ _ B . = 0
"tII 2 7t~ ~7(nl'1-nl:!)(n'1-n1) ""t

(S)

(
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a

Fig. I.

16(/~pg

E~~~;-;;; . (9)
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Table 1

u(a4.a/4)

15~~

(m) .... (n) ....

1 I
2 2
3 3
5 5
9 9

11 11
12 12

Series term

1
4
9

25
81

121
144

Timoshenko and
This paper Goodier (1951)

o 0
0.6671 x 1O-~ 0
0.5417 x 1O-~ 0
0.5308xI0-~ 0
0.4647xlO-~ 0
0.4757 x 10-~ 0
0.4757xI0-~ 0

This paper

0.1095
01111
0.0979
0.0999
0.0997
0.0995
0.0995

Timoshenko and
Goodier ( 1951)

0.1095
0.1095
0.0951
0.0<)81
0.0<)74
0.0~73

Note: the figures for u and I' should be multiplied by a factor a~p.Q E.

In these two equations. m±m' and n±n' must be odd numbers. and m. n should also be
odd numbers in the right-hand term of eqn (9).

These rather tedious simultaneous equations can be solved without much ditllculty
with the aid of a computer. Only the values of the displacements u(a/4.a/4) and r(a/2.a!,:')
have been worked out and given in Table I.

4. CONCLUSIONS

(I) As the book by Timoshenko and Goodier (1951) is a monograph of world-wide
fame and has been translated into many different languages. it is worthwhilt: noting its error
ofcalculation in the two examples of plate analysis so that readers can make due corrections.

(2) Ry using the formulae provided in this paper. it can be seen from the results listed
in Table I that. for the example given above. the solution corresponding to (m)III'" = (n)III'" =
II can be considered as the precise one and that a result with an error less than ('X, can
be obtained by setting ("')111.' = (fI)III., == 5.

(3) It is also shown from Table I that it is impossible to obtain the correct horizontal
displacement II by using the formulae provided in the book by Timoshenko and Goodier
(1951). It is solely in this example (subjected to body forces) that the main displacement I'

deviates only slightly from the true solution. However. under the action of more complicated
loading. the deviation will be larger.

(4) The problem in integration mentioned above may appear in other problems of
elasticity, One example is the shear buckling of simply-supported rectangular plates. There­
fore this problem deserves attention.
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